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Abstract
In this paper we use e-values (a non-Bayesian version of Bayes factors) in the
context of multiple hypothesis testing assuming that the base tests produce
independent e-values. Our simulation and empirical studies and theoretical
considerations suggest that, under this assumption, our new algorithms are
superior to the known algorithms using independent p-values and to our recent
algorithms using e-values that are not necessarily independent.
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1

Introduction

Our recent paper [9] gives a generic procedure for turning e-merging functions
into discovery matrices and applies it to arithmetic mean. Using arithmetic
mean is very natural in the case of arbitrary dependence between the base
e-values, at least in the symmetric case, since arithmetic mean essentially dominates any e-merging function [9, Theorem 5.1]. But in this paper we will show
that in the case of independent e-values we can greatly improve on arithmetic
mean.
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Discovery matrices for independent e-values

To make our exposition self-contained, we start from basic definitions (see our
previous papers [7, 8, 9] exploring e-values for further information).
An e-variable on a probability space (Ω,
R A, P ) is a nonnegative extended
random variable E : Ω → [0, ∞] such that E dP ≤ 1. A measurable function
F : [0, ∞]K → [0, ∞] for an integer K ≥ 1 is an ie-merging function if, for
any probability space and any independent e-variables E1 , . . . , EK on it, the
extended random variable F (E1 , . . . , EK ) is an e-variable. We will only consider
ie-merging functions that are increasing in each argument and are symmetric
(do not depend on the order of their arguments).
Important examples of ie-merging functions [8] are
X
1
ek1 . . . ekn , n ∈ {1, . . . , K}.
(1)
Un (e1 , . . . , eK ) := K 
n

{k1 ,...,kn }⊆{1,...,K}

We will refer to them as the U-statistics (they are the standard U-statistics with
product as kernel). The statistics U1 play a special role since they belong to
the narrower class of e-merging functions, meaning that U1 (E1 , . . . , Ek ) is an
e-variable whenever E1 , . . . , EK are e-variables (not necessarily independent).
Multiple hypothesis testing using U1 was explored in [8, 9], and in this paper
we will mainly concentrate on U2 . It will be convenient to generalize (1) to the
case n > K ≥ 1; namely, we set
Un (e1 , . . . , eK ) := UK (e1 , . . . , eK ),

n>K

(we are mostly interested in the case n = 2 and K = 1).
Let us fix the underlying sample space (Ω, A), which is simply a measurable
space. Let P(Ω) be the set of all probability measure on the sample space. A
simple hypothesis is Q ∈ P(Ω) and a (composite) hypothesis is H ⊆ P(Ω). An
e-variable Rw.r. to a hypothesis H is an extended random variable E : Ω → [0, ∞]
such that E dQ ≤ 1 for all Q ∈ H. It is clear that any ie-merging function
transforms independent e-variables w.r. to H (i.e., independent e-variables w.r.
to any Q ∈ H) to an e-variable w.r. to H.
An e-value is a value taken by an e-variable. Let us fix K ≥ 2, K hypotheses
H1 , . . . , HK , and independent e-variables E1 , . . . , EK for testing H1 , . . . , HK , in
the following sense:
1

Algorithm 1 Discovery matrix (lower triangular)
Require: ie-merging functions Fk , k ∈ {1, . . . , K}.
Require: an increasing sequence of e-values e1 ≤ · · · ≤ eK .
1: for r = 1, . . . , K do
2:
for j = 1, . . . , r do
3:
Sr,j := {K − r + 1, . . . , K − j + 1}
4:
DMF
r,j := Fr−j+1 (ek : k ∈ Sr,j )
5:
for i = 1, . . . , K − r do
6:
e := Fr−j+1+i (ek : k ∈ Sr,j ∪ {1, . . . , i})
7:
if e < DMF
r,j then
F
8:
DMr,j := e

• for each k ∈ {1, . . . , K}, Ek is an e-variable w.r. to Hk ;
• for any Q ∈ P(Ω), the e-variables Ek for which Q ∈ Hk are independent
under Q.
An e-test Ris a family (EQ )Q∈P(Ω) of nonnegative extended random variables
such that EQ dQ ≤ 1 for all Q.
Let us say that a measurable function D : {1, . . . , K}2 × [0, ∞]K → [0, ∞] is
an i-discovery matrix if there exists an e-test (EQ )Q∈P(Ω) such that
∀r ∈ {1, . . . , K} ∀R ⊆ {1, . . . , K} ∀j ∈ {1, . . . , r} ∀Q ∈ P(Ω) ∀ω ∈ Ω :


|R| = r and min Ek (ω) ≥ max Ek (ω)
k∈R
k∈R
/


=⇒ |{k ∈ R | Q ∈
/ Hk }| ≥ j or EQ (ω) ≥ Dr,j (E1 (ω), . . . , EK (ω)) . (2)
To emphasize that we interpret D as a matrix, we write its values as
Dr,j (e1 , . . . , eK ). We are not interested in Dr,j for j > r and regard D as a lower
triangular matrix. The intuition behind (2) is that if Dr,j (E1 (ω), . . . , EK (ω))
is large and we reject r hypotheses Hk with K largest Ek , we can count on at
least j true discoveries.
Algorithm 1 is one way of constructing a discovery matrix based on a family
of ie-merging functions Fk , k ∈ {1, . . . , K}. It uses the notation f (ek : k ∈ I),
where I ⊆ {1, . . . , K} and f is a symmetric function of |I| arguments, to mean
the value of f on the sequence of ek , k ∈ I, arranged in any order. The algorithm
implements the formula
DMF
r,j :=

min
I⊆{1,...,K}:|R\I|<j

F|I| (Ei : i ∈ I),

where R is a set of indices of hypotheses with r largest e-values, and is an
obvious modification of Algorithm 2 in [9]; now we apply it to arbitrary iemerging functions (such as U2 ) rather than just to arithmetic mean (i.e., U1 ).
As in [9], the e-values are assumed to be ordered, without loss of generality.
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Figure 1: Left panel: the discovery matrix for the U1 statistic (i.e., arithmetic
mean) for 100 false and 100 true null hypotheses. Right panel: the U2 analogue.
The validity of Algorithm 1 can be demonstrated by the argument in the
proof of Theorem 2.1 in [9]. It is clear that, in the case of U2 , the assumption of
independence of E1 , . . . , En can be relaxed to the assumption that all covariances
cov(Ei , Ej ), i 6= j, are nonpositive.
The discovery matrix constructed in Algorithm 1 does not depend on the
sample space (Ω, A), hypotheses H1 , . . . , HK ⊆ P(Ω), or e-variables E1 , . . . , EK ,
and in this sense is universal (in the terminology of [9, Section 5]).
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A simulation study

In this section we run Algorithm 1 applied to U1 and U2 . Slightly generalizing
the explanation in [9, Appendix B in Working Paper 27], we can see that the Un
discovery matrix can be computed in time O(K 3+n ). For n = 1, the time can
be improved from O(K 4 ) to O(K 2 ) [9, Appendix B in Working Paper 27]. For
n = 2, we can improve the time O(K 5 ) to O(K 3 ), as we show in Appendix A,
and this is sufficient to cope not only with the case K = 200 that we usually
use in our simulation studies but also with K of a few thousand (as used in our
empirical studies, where we compute only part of the discovery matrix).
We generate the base e-values as in Section 3 of [9]: the null hypothesis is
N (0, 1), K = 200, the first 100 observations x are generated from N (−3, 1),
the last 100 from N (0, 1), all independently, and the base e-variables are the
likelihood ratios
E(x) :=

exp(−(x + 3)2 /2)
= exp(−3x − 9/2).
exp(−x2 /2)

(3)

The results are shown in Figure 1 (whose left panel is identical to the left
3
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Figure 2: Left panel: the discovery p-matrix for the GWGS procedure. Right
panel: the U2 discovery matrix e-to-p calibrated.
panel of Figure 2 in [9]); they are much better for U2 . Each panel shows the
lower triangular matrix DMF
r,j , the left for F = U1 and the right for F = U2 .
The colour scheme used in this figure is inspired by Jeffreys’s [5, Appendix B]
(as in [9]):
• The entries with DMF
r,j below 1 are shown in dark green; there is no
evidence that there are at least j true discoveries among r hypotheses
with the largest e-values.
√
• The entries DMF
r,j ∈ (1, 10) ≈ (1, 3.16) are shown in green. For them
the evidence is poor.
√
• The entries DMr,j ∈ ( 10, 10) ≈ (3.16, 10) are shown in yellow. The
evidence is substantial.
3/2
) ≈ (10, 31.6) are shown in red. The evi• The entries DMF
r,j ∈ (10, 10
dence is strong.
3/2
• The entries DMF
, 100) ≈ (31.6, 100) are shown in dark red. The
r,j ∈ (10
evidence is very strong.

• Finally, the entries DMF
r,j > 100 are shown in black, and for them the
evidence is decisive.
It is interesting that after the crude e-to-p calibration e 7→ 1/e our method
produces p-values that look even better than the p-values produced by the
GWGS procedure (in the terminology of [9]) designed specifically for p-values:
see Figure 2.
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In Figure 2 we use what we called Fisher’s scale in [9], but now we extend it
by two further thresholds, one of which is 0.5%, as advocated by [1]. Our colour
scheme is:
• P-values above 5% are shown in green; they are not significant.
• P-values between 1% and 5% are shown in yellow; they are significant but
not highly significant.
• P-values between 0.5% and 1% are shown in red; they are highly significant
(but fail to attain the more stringent criterion of significance advocated
in [1]).
• P-values between 0.1% and 0.5% are shown in dark red.
• P-values below 0.1% are shown in black; they can be regarded as providing
decisive evidence against the null hypothesis (to use Jeffreys’s expression).
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An empirical study

In this section we will use the prostate dataset first described in [6]; it is also
analyzed by Efron in [2, Chapter 2] and then by Efron and Hastie [3, Chapter
15]. Efron makes the assumption of independence of the test statistics (while
analyzing its shortfalls in [2, Section 2.5]), along with several other substantial assumptions, such as the Gaussian distribution of the genes’ activities. In
this paper, however, we will avoid making any other assumptions apart from
independence.
The prostate dataset represents a 6033×102 matrix whose rows correspond
to 6033 genes and columns correspond to 102 men. The first 50 men are healthy
controls and the remaining 52 are patients with prostate cancer. Each entry xk,j
represents the activity of the jth gene in the kth man. We proceed as in [9].
The base e-values are computed as
ek :=

Tk
1
B+1

P

B
b=1

(b)

Tk + Tk

,

k = 1, . . . , 6033,

(4)

where Tk is the nonconformity score computed (see below for details) from the
(b)
kth row of the data matrix, Tk is the nonconformity score computed from the
same row with randomly permuted labels, and B is the number of permutations.
(Ideally, the random permutations should be drawn without replacement, but
we can, and we do, safely ignore this requirement.)
d
We define the nonconformity score as Tk := |tk | , where d > 0 is a parameter
of the algorithm and
x̄k,1 − x̄k,0
tk :=
sk
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Figure 3: Left panel: the top-left 200×200 corner of the U2 discovery matrix for
the prostate dataset for B := 10000, using Jeffreys’s thresholds. Right panel:
its version (based on (5)) that is only approximately valid.
is the two-sample t-statistic for the kth gene, where x̄k,1 is the average entry
in the kth row for patients, x̄k,0 is the average entry in the kth row for healthy
controls, and
X
2
s2k :=
xk,j − x̄k,yj
j

is the sample variance of row k (ignoring a constant factor, which cancels out)
and yj is the label (1 for patients and 0 for healthy controls).
The left panel of Figure 3 gives the top-left 200 × 200 corner of the discovery
matrix for d := 10 and B := 10000. The result is much better than for the U1
discovery matrix: see the left panel of Figure 4. In the right panels of Figures 3
and 4 we give analogous plots but with the proper e-values (4) replaced by their
commonly used simplified versions
ek :=

1
B

Tk
PB

b=1

(b)

,

k = 1, . . . , 6033.

(5)

Tk

The closeness of the left and right panels suggests that the number of iterations
B = 10000 is sufficiently large.
Finally, Figure 5 is the analogue of Figures 3 and 4 for p-values and the
GWGS method, as described in [9]. In this case, there is no dependence on
d as the p-values only depend on the ranks of Tk . The valid p-values used in
the left panel of Figure 5 give a very poor result, and the comparison with the
right-hand panel shows that the number of iterations B = 10000 is far too small
when using p-values.
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Figure 4: The analogue of Figure 3 for the U1 discovery matrix.
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Figure 5: The analogue of Figure 3 for the discovery matrix using p-values and
the GWGS method.
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An attempt of a theoretical explanation

We start from an alternative representation of U2 , which will shed some light
on the expected performance of our algorithm.
Let e := (e1 , . . . , eK ) ∈ [0, ∞)K , M1 = U1 (e) be the arithmetic mean of
e1 , . . . , eK , M2 be the quadratic mean of e1 , . . . , eK , and
var(e) :=

K
1 X
(ek − M1 )2 = M22 − M12
K
k=1

be the sample variance of e.
Lemma 5.1. For any e,
U2 (e) = M12 −

1
var(e).
K −1

(6)

Proof. By definition,

U2 (e) =
=

1
K(K − 1)/2

X

ei ej =

i<j

1

K(K − 1)



!2
X

ei

i

−

X

e2i 

i

K
1
1
M2 −
M 2 = M12 −
var(e).
K −1 1
K −1 2
K −1

Corollary 5.2. For any e,
var(e) ≤ (K − 1)M12 .
For some e 6= 0 the equality holds as equality.
Proof. The first statement follows from U2 (e) ≥ 0, and an example for the
second one is e := (K, 0, . . . , 0).
According to Corollary 5.2,
rvar(e) :=

var(e)
,
(K − 1)M12

which we will call the relative (sample) variance of e, is a dimensionless quantity
in the interval [0, 1]. When e = 0, we set rvar(e) := 0. The relative variance is
zero if and only if all ei coincide, and it is 1 if and only if all ei but one are zero.
Using the notion of relative variance, we can rewrite (6) as
U2 (e) = M12 (1 − rvar(e)).

(7)

We can see the method of this paper based on U2 has a potential for improving
on the method of [9], but the best it can achieve is squaring the entries of the
discovery matrix. An entry is squared if the multiset of e-values on which the
8

infimum in the algorithm of [9] is attained consists of a single value. Otherwise
we suffer as the e-values become more diverse.
Replacing the equality sign “=” in (7) by “>” and solving the resulting
inequality, we can see that U2 improves on U1 = M1 if and only if
rvar(e) < 1 −

1
.
M1

For example, if the result of applying U1 is borderline strong evidence, U1 = 10,
it is improved by U2 if and only if rvar(e) < 0.9. For comparison, the relative
variance of the whole set of the likelihood ratios (3) is approximately 0.24.

6

Conclusion

This paper has given examples of ie-merging functions, namely Un , which can
be successfully applied to multiple hypothesis testing. An interesting question is
whether ie-merging functions different from Un and their convex combinations
can also be useful for this purpose. Such functions definitely exist; e.g., by [8,
Proposition 3.1],


e1
e2
1
+
(1 + e1 e2 )
f (e1 , e2 ) :=
2 1 + e1
1 + e2
is an admissible ie-merging function.
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Algorithm 2 One row of the discovery matrix DM = DMU2 in time O(K 2 )
Require: Increasing sequence of e-values e1 ≤ · · · ≤ eK .
Require: Row number r ∈ {1, . . . , K} of the discovery matrix.
1: s0 := 0
2: for k = 1, . . . , K do
3:
sk := sk−1 + ek
4: for j = r, . . . , 1 do
5:
V := V2 ({K − r + 1, . . . , K − j + 1})
2V
(unless j = r)
6:
e := (r−j+1)(r−j)
7:
for k = 1, . . . , K − r do
8:
V 0 := V2 ({1, . . . , k} ∪ {K − r + 1, . . . , K − j + 1})
2V 0
9:
e0 := (k+r−j+1)(k+r−j)
10:
if e0 < e then e := e0
11:
DMr,j := e

A

Towards an efficient algorithm for U2 and other Un

In this appendix we will see that each row of the discovery matrix based on U2
can be computed in time O(K 2 ), and so the computation of the full discovery
matrix takes time O(K 3 ). This is not as good as the O(K 2 ) algorithm for U1
given as Algorithm 5 in [9], and the existence of such an algorithm for U2 remains
an open problem (it can be shown that the direct translation of Algorithm 5 in
[9] to U2 loses its validity).
Algorithm 2 starts (in lines 1–3) from defining an array s of partial sums,
which not used in it explicitly, but we will explain how it enables an efficient
update of the variables V and V 0 . In the algorithm we use the notation
X
V2 (I) :=
ei ei0 , ∅ ⊂ I ⊆ {1, . . . , K};
i,i0 ∈I:i<i0

this expression is the key component of the U-statistic computed from ei , i ∈ I.
When |I| = 1, we will treat the value of V2 (I) as undefined.
The first value of V in line 5, V2 ({K − r + 1}), is undefined, and we then set
e := eK−r+1
instead of the formula given in line 6. The next value of V ,
V := V2 ({K − r + 1, K − r + 2} = eK−r+1 eK−r+2 ,
is computed from scratch in time O(1), and the following values are computed
in time O(1) using the previous value:
V = V + eK−j+1 (sK−j − sK−r ) .
11

The very first value of V 0 computed in line 8 (for j = r and k = 1) can be found
in time O(1) from scratch,
V 0 = V2 ({1, K − r + 1}) = e1 eK−r+1 .
After that the first value of V 0 in each execution of the loop starting in line 7
(i.e., V 0 for j < r and k = 1) can be found in time O(1) from the current value
of V using
V 0 := V + e1 (sK−j+1 − sK−r ) .
For the following iterations of this loop the value of V 0 can be updated in time
O(1) using
V 0 := V 0 + ek sk−1 + ek (sK−j+1 − sK−r ) .

Modifications for Un , n > 2
It is easy (but tiresome) to modify Algorithm 2 so that it computes a row of
n
DMU for a fixed n > 2 in time O(K 2 ). Let us consider, for simplicity, the case
n = 3.
Both entries of V2 in Algorithm 2 should be changed to V3 , where
X
V3 (I) :=
ei ei0 ei00 ,
i,i0 ,i00 ∈I:i<i0 <i00

line 6 should be changed to
e :=

6V
(r − j + 1)(r − j)(r − j − 1)

(unless j = r or j = r − 1), and line 9 should be changed to
e0 :=

6V 0
(k + r − j + 1)(k + r − j)(k + r − j − 1)

(unless j = r and k = 1). The lines 1–3 for computing the array
sk := V1 ({1, . . . , k}),
where
V1 (I) :=

X

ei ,

i∈I

should be complemented by computing the array
tk := V2 ({1, . . . , k}),

k = 0, . . . , K.

The array t can be computed in time O(K) starting from t0 := 0 and setting,
for k = 1, . . . , K,
tk := tk−1 + sk−1 ek .
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In line 5, we can compute V in time O(1) given its previous value using the
identity (true unless j is very close to r)
V3 ({K − r + 1, . . . , K − j + 1})
= V3 ({K − r + 1, . . . , K − j}) + V2 ({K − r + 1, . . . , K − j})eK−j+1
and the identity
V2 ({a + 1, . . . , b}) = tb − ta − sa (sb − sa ).

(8)

Finally, in line 8 we can compute V 0 in time O(1) given its previous value using
the identity (true unless j is very close to r or k is very small)
V3 ({1, . . . , k} ∪ {K − r + 1, . . . , K − j + 1})
= V3 ({1, . . . , k − 1} ∪ {K − r + 1, . . . , K − j + 1})
+ tk−1 ek + sk−1 ek (sK−j+1 − sK−r ) + ek V2 ({K − r + 1, . . . , K − j + 1})
and the identity (8). The simple but numerous special cases (signalled by “unless”) should be considered separately.
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